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ABSTRACT

1. Introduction

The field of mathematical modeling has developed into a essential instrument that scientists use today to explore
biological and physical and medical processes especially in their research on dynamic systems and body cooling
and simple harmonic motion. The mathematical models which scientists developed have led to progress in
mathematical theory and bioscience research according to author [1, 2]. The application of mathematics in these
fields has fostered innovative approaches and opened new opportunities for interdisciplinary collaboration. The
mathematical methods deliver their best results during dynamic problem solving and thermal process research
because they produce better understanding and accurate future outcomes [3]. The study aims to solve initial value
problems (IVVPs) for second-order ordinary differential equations (ODES) using the following equation format:

d?y
dt’

= 6y ¥ y0)= 2 P =ttt &

where t, represents initial value/point, Y, denotes the solution at time t,, f remains continuous over the

integration interval. We operate under the assumption that equation (1) adheres to the existence and uniqueness
theorem of differential equations. Furthermore, we presume that solutions to equations akin to (1) remain bounded.

It's crucial to clarify that a solution y(®) to equation (1.1) is deemed bounded if,

sup|y(t)]| < oo
teR (2)

The numerical treatment of equations like (1) has remained a strong research focus [4-7].
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The research demonstrated that direct solution methods for equation (1) provide better efficiency than solving it
through conversion to first-order ordinary differential equation systems according to the findings presented in
reference [8]. The academic community has responded to this discovery by investigating direct resolution
techniques which enable them to solve equation (1) without applying reduction methods. The literature contains
multiple methods which researchers have developed to solve equation (1) through direct approaches. The works of
Ref. [9-12] represent important contributions to the research. The research of [13-15] represents another major
investigation of oscillating differential equations. Researchers such as [16-18] have worked on solving second order
initial value problems through methods which avoid first order initial value problem reductions. The studies
demonstrate an increasing demand for direct methods which can solve second-order ordinary differential equations
with efficient results especially for the Betiss and Stiefel Linear Oscillatory Differential Equation represented by
equation (1).

1.1. Study Objectives

The following are objectives of the study:

1) To derive a computational method using power series polynomial.

2) To continuous hybrid linear multistep method.

3) To study the analysis of the basic properties of the computational method.

4) To test the efficiency of the method on some second order oscillatory differential equations.
5) To shows the comparison in a table and graphical shown.

2 2. Mathematical Formulation of Computational Method

An approximate solution to a power series polynomial of the for
y(t)= 3 oyt (3)

is considered as a basis function for the direct solution of the second initial value problems of the form (1). Where
te[a,b], the a's are real unknown parameters to be determined and p+q is the sum of the number of

interpolation and collocation points.

differentiating (3) twice, yield
u+v-1

y'(t) = Zj(j—l)a,—t"‘z 4)

Now, interpolating (3) at point ,_1 ; and collocating (4) at q—o 1 1 1 1 2 3 1 which lead to a system of
2’ '6'4'3'2'3"4’

equation in a matrix form as
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(5)

using Gaussian elimination method, (5) is solved for the a,'s. The values of the a;'s obtained are then substituted

into (1), after some manipulations, this gives a continuous hybrid linear multistep method of the form;

L 111123
y(t): (Z%(t)ym% +al(t)yn+l + h2 |:§ﬂj (t)fn+j +ﬂvi (t)fn+vi :|l Vi = 01 gi Zy 5: Ey 5; Z (6)
the coefficient o ,a, 5., B, By, By, By, By, B, 3, @T€ GiveEn Dy,
2 6 4 3 2 3 4
a, =2-2t
2
o, =2t-1
B, 41 1867 t+lt2 _113t3 N 427t4 _ 3367t5 +1876t6 _113t7 +132t8 4t
13440 40320 2 36 36 120 45 3 7
B, —— 54 t 4 648t3 _ 594t4 N 9072 3132 6 21816t7 _11664t8 N 2592,[9
< 175 35 5 25 5 35 35 35
B, = £+ 26 t— 512t3 +11392t4 _ 21248t5 +14080t6 _171008t7 N 31488ts _1024t9
7 21 175 15 45 25 9 105 35 5
B, —— 243 567 N 243t3 _1539t4 N 138267,[5 B 6723tG N 51111t7 B 5832t8 N 972,{9
3 4480 3200 10 8 200 5 35 7 5
2, =£—it—8t3 N 202t4 _1304t5 N 8252t6 _ 4504t7 N 2736t8 _96t°
5 105 35 3 5 15 7 7
B, —— 243 N 1647 t+§t3 B 351t4 N 28269t5 _1566,[6 N 13581,[7 B 8748t8 N 324tg
3 4480 22400 20 10 200 5 35 35 5
B, — 2 278 4 512t3 _128t4 N 4352t5 B 5888t6 +17408t7 _ 768t8 _1024tg
2 21 1575 315 9 75 45 105 7 35
5. = 41 143 1.5 107, 249, 131, 407 ., 96, 4.
13440 22400 30 360 200 45 405 35 5
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evaluating (6) at non interpolating points to obtain the continuous form as,

T TP P L PR Y PR
- 13440 " 21" nl 4480 'l 105 'l 4480 w2 21 w2 13440
f Sy ey WLy M SR TS IOUT DM Wb D, |
w2730 T Y Tggr708a " g505 vl 688905 i 90720 ! 91854 '+l 544320 2 688905 '+ 11022480 " [(8)
31 1749 4941 359 106191 23393 64233 3 10441
Yot Y Y aae0” 1 2m720" 1wt 720" nt 2203760 et ¥ 286720 nt 2203760 n2 Tos” v esetzso” ™
oAy L, B0 L 20 2052 6T DG 00O G860 .
w1730 T30 T 089920 " 1701 ot 688905 -l 181440 wol' 229635  wl 544320 n-% 19683 -l 44089920
J 2y Ly MO Lo 20 SO 293 TAIL. 206l | 2418, _ G8E9
w2 3% 73Y Tagi70ea0) " 1701 '+l 1377810 ol 72576 ol 220635 ol 1088640 - 688905 - 88179840
gLy LSO AL o7 I3 SRR 18673 109 . 10973
2207 6881280 " 286720 't 13440 nl ' 2293760 'l 860160 vl 458752 'wZ 2240 'n-® 6881280

differentiating (6) once, yields

yl(t)zai(t)y 1 +O—1(t)yn+l +h2 |:iﬁ‘j(t)fn+j +ﬁ'v, (t)fn+v,:|' Vi :0’ E’E' E’ E' g’ E (9)

2 j=0

the coefficient 01,00, 80. 81,8181, B1.B5. By By &re given by;

2 6 4 3 2 3 4
o'y =2 -
2
o', =2
By —— 1867 “t _113t2 i 427t3 _ 3367t4 N 3752t5 N 791t6 i 1056t7 _ 36t°
40320 12 9 24 15 3 7
e 54 +1944t2 N 2376t3 i 9072t4 —18792t5 i 21816t6 B 93312t7 o+ 23328t8
5 175 35 ) 5 5 ) 35 35
B = 26 512t2 + 45568t3 _ 21248t4 + 28160t5 - 171008t6 N 251904t7 N 9216t8
Z 175 5 45 S 3 15 35 5
B —— 567 N 729t2 —1539t3 i 138267t4 o 40338t5 N 51111t6 . 46656t7 i 8748t8
3 3200 10 2 40 5 5 7 5
e 143 +it2 _107t3 i 249t" B 262t5 N 407t6 N 768t7 i 36t8
> 22400 10 90 40 15 15 35
e 1647 . 243t2 . 702t3 o+ 2826‘9t4 . 9396t5 i 13581t6 . 69984t7 N 2916t8
3 22400 20 5 40 5 5 35 5
Bl —— 278 _512t2 i 512t3 N 4352t4 +11776t5 _174O8t6 i 6144t7 B 9216t8 (10)
b 1575 105 9 15 15 15 7 35
ﬁ,l:7ﬁ+it2 —107t3+249t4 76261:5 +407t6 77681:7 +§t8
22400 10 90 40 15 15 35

on evaluating (9) at all point, so that the following discrete methods are obtained

1867 h 54 26 £ 567 hi 9 1647 hi 278 hi 143

hy' +2 -2 =— f,——hf | +— - e + - -
Yoo yn% Yo = "20320 " T 175 m: o 175 mi 3200 mi 35 np 22400 m2 1575 3 22400 "

hy 2y , 2y, - 13609 .o 167 . 114508 5611 . 8789 . 35107 . 74014 . 1851 ..
nl T 4898880 4725 ol 382725 ! 50400 i 25515 i 302400 w2 382725 2 3061800

hy 2y oy, oM7L o 24278 23650 | 273213 . 73343 . 46053 . 6479, 156281
el 573440 358400 i 100800 ni ' 2867200 ni 215040 -l 409600 nZ 33600 2 25804800

hy 2y 2y, - 8L . 802, 72418 | 28039 . 8777 .. 69989 | 73954 . 296341 .
el 279936 4725 ol 382725 el 201600 i 25515 ml ' 604800 n2 382725 n-l 48988800

hy' 42y 4 -2y, == i +2lnf  — 380 1989 Ay L1610 298 A1 G
el 20160 350 nl 1575 el 5600 el 42wl 11200 w2 1575 a2 1800
. 27569 302 10894 436339 3713 116789 77794 292261

hy' ,+2y | =2y, , =~ hf, +——nhf | - fo,+ 17 1+ 2~ 3~ hf,..
2770 9797760 4725 ol 54675 i ' 201600 ni 25515 el 604800 n2 382725 el 48988800
. 3067 24273 2371 662013 11349 717471 17117 17329

Y 2*2Y, 1 = 2Yea =" 1035195 M+ 358400 et T11200 et * 2867200 vt T 71680 M-t T 2867200 " ne2 100800 n2 ~ 2867200 "
NERIE S nid il nid nid nl e

hy' a2y oy - 6L o 54, 1514, 23409, 11 17793, 334, 10793 | (11)

nl 4480 175 nl 71575 nl 22400 i 15 el 22400 el 525 w2 201600
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now, combining (8) and (11) in the block form to yield the block hybrid method, which can be written as

., 1000061 |, 1247 , 150733 , 104833 , 409 |, 47623 |, 5989 , 30853 ,
Yot h*f, + 17 1t 17 hf |+ 2~ 3T h*f..
176359680 42525 - 3444525 o7 3628800 ms 45927  n+> 10886400  n+ 3444525 = 881798400
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3. Results Analysis of Computational Method

In this section, the analysis of the basic properties of the new method are analyzed. These properties are order, error

constant, consistency, zero-stability and region of absolute stability.
3.1. Order and Error Constant of the computational method

Let the linear operator defined on the method be ¢[y (t); h], where,

Ay (t):h}= AN - Zklji)yﬁ” ~hCd; £ (y,)+bF(Y,)] (13)

m .
i=0 !

Expanding v, and F(Y,,) in Taylor series and comparing the coefficients of h gives
Aly(t):h}=Coy(t)+Cy'(t)+---+C hPyP(t)+C, " y*(t)+ C,, ,h 2y 2 )+ (14)

Definition 1: The linear operator L and the associate block method are said to be of order p if

C,=C,=---=C,=C,,, =0, C ,=0. C,, iscalledthe error constant and implies that the truncation error is
given byt =C,,,h"?y?P(t)+0n**
L{y(t):h}=Coy(t)+ Cy'(t)+ -+ C,h*y(t)+C, ;h* ™y (t)+C,. ,h* 2y (t) + - (15)
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Comparing the coefficient of h, according to [7], the new method is of uniformorder p=[7 7 7 7 7 7 7

J )
3 ]
i(ﬂ,]_ Sy T h‘2y1+{356481[1j 5841(;) 2827791[] 3753 [}j 461457 [EJ 129 [3j 2637 (1)}
n n 4

with its error constant are given respectively by

C,.,=|-13640x10% -13281x10% —13497x10%° -11961x10" —14526x10"° -13561x107"° —1.4353x10°|
3.2. Consistency of the Method

A numerical method is said to be consistent if the following conditions are satisfied.

i. The order of the method must be greater than or equal to zerotoone i.e. p>1.

M-
R

ii. ~)=p()=0
iv.  P()=3o(r)

Where 5(r) and of(r) are first and second characteristics polynomials of our method. According to [7], the

first condition is a sufficient condition for the associated block method to be consistent. Hence the new method is

consistent.
3.3. Zero Stability of the Method
Definition 2: the numerical method is said to be zero-stable, if the rootsz,, s =1, 2, -+, k of the first characteristics

polynomial ,(z) defined by p(Z)=det(ZA(0)—E) satisfies |z,| <1 and every root satisfies |z,|=1 have multiplicity

not exceeding the order of the differential equation [19]. The first characteristic polynomial is given by,
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100 00 O0O0]f0O0OTOTO0OTO1 z 00 0O0O0 -1
01 00O0O0OTO|0OO0OOOOTU 0?1 0z 00O0O0 -1
001 00O0O0O|0O0OOOTQ 0?1 00z 000 -1

p(z)=lzZl0 0 0 1 0 0 0|-|/0O O O O O O 1|=(0 0 O z 0 O -1 |=2%2z-1)
0000100 |0O0OO0O0OTG 0?1 00002z 0 -1
0 00O0OT11O0|00O0OO0O0OTG 0?1 00000 z -1
/0000 O0OO 1 |0 0OOOOGOTI1| |00O0O0GO0O0 z-1]

Thus, solving for Z in

%(z-1) (16)

gives z=0, 0,0, 0,0, 0, 1. Hence the new method is said to be zero-stable.

3.4. Convergence of the Block Method

Theorem 1: the necessary and sufficient conditions for linear multistep method to be convergent are that it must be

consistent and zero-stable. Hence the new method formulated is consistent [7].
3.5. Region of Absolute Stability of our Method

Definition 3: the region of absolute stability is the region of the complex Z plane, where z = A h for which the
method is absolute stable. To determine the region of absolute stability of the block method, the methods that
compare neither the computation of roots of a polynomial nor solving of simultaneous inequalities was adopted.
Thus, the method according to [19] is called the boundary locus method. Applying this method we obtain the

stability polynomial as

711612160 14631321600 87787929600 34836480 T 37623398400 829440

1285057 o 481 .\, ( 128809 . 67 o\ ( 817 o 1138 o\, ( 17 o 11 )2 o o6
522547200 414720 6967296 5184 5040 1152 30 24

H(w):( 1 s 163 W7)h“+( 810757 . 113 w7jh“+( 4473503 . 61 w7jh“’ (17)

Using the stability polynomial (17), we obtain the region of absolute stability in figure below as

IR
./
|
BN
06 \\—“‘//

-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 0.4 0.2 0
Re(z)

Figure 1. Stability Region.

The stability region obtained in Figure 1 is A, — stable.
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“% 4. Numerical Applications of the Computational Method

The section tests the computational method through its application to second order oscillatory differential equations

which take the form of (1). The results of the comparison between the new computational method and the existing

method from [6, 20] are displayed through tabulated data and graphical representations. The following notation

shall be used in the tables and figures.

t means the points of evaluation

ES means Exact Solution

CS means Computed solution

AECM means Absolute Error in Computational method
AE[5] means Absolute Error in [5]
AE[20] means Absolute Error in [20]

Example 1: Consider the Second Order Oscillatory Betiss Differential Equation of the form

d?y
dt?  dt

+Y_o0m cos(t

With exact solution as

y(t) = cos(t)+0.0005tsin(t)

Source [5, 20].

hy(0)=1 3 =0

(19)

(18)

Table 1. Showing the Numerical Results

t ES CS AECM AE[5] AE[20]

0.1 0.099783666438 | 0.099783666438 | 0.0000E00 1.2567E-12 1.0170E-12
56425102 56425102

0.2 0.198571324137 | 0.198571324137 | 2.0000E-20 2.1140E-12 1.4285E-11
27709130 27709132

0.3 0.295376906187 | 0.295376906187 | 1.0000E-20 2.3764E-12 4.9557E-11
97073421 97073422

0.4 0.389234130109 | 0.389234130109 | 2.0000E-20 3.4242E-12 1.0161E-10
84991465 84991467

05 0.479206142963 | 0.479206142963 | 2.0000E-20 3.3944E-12 1.7416E-10
73040709 73040711

0.6 0.564394872710 | 0.564394872710 | 1.0000E-20 3.3436E-12 2.6425E-10
56245371 56245372

0.7 0.643949992472 | 0.643949992472 | 1.0000E-20 4.2949E-12 3.7579E-10
14148272 14148273

0.8 0.717077408215 | 0.717077408215 | 0.0000E00 4.25T4E-12 5.0602E-10
78389546 78389546

0.9 0.783047185141 | 0783047185141 | 0.0000E00 5.2344E-12 6.5904E-10
76158945 76158945

1.0 0.841200833654 | 0.841200833654 | 1.0000E-20 6.2265E-12 8.3225E-10
96243679 96243678
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10 d ? ? —— o i ) =
—— ES
10° --£--Ccs
—O— AECM
=== AE[5]
i AE[20]
10 10 -
————— e il Shby e mmmm e ———— A

108

Values (log scale)

-20

10

-25 4

10

0.1 0.2 0.3 0.4 0.5

Figure 2. Textual Curve of table 1

Example 2: Consider the Second Order Oscillatory Stiefel Differential Equation

2
M+ﬂ:0.001sin

dt?  dt

With exact solution of as

y(t)=sin(t)—0.0005t cos(t)

Source [5, 20].

(t), y(0)=0, % =0.9995

(21)

(20)

Table 2. Showing the Numerical Results for Example 2

ES Cs AECM AE[5] AE[20]

0.1 0.995009156948 | 0.995009156948 | 1.0000E-20 2.8269E-12 1.0169E-11
85810751 85810750

0.2 0.980086444774 | 0.980086444774 | 1.0000E-20 5.8994E-12 2.0390E-11
32113724 32113723

0.3 0.955380817156 | 0.955380817156 | 1.0000E-20 6.8309E-12 1.5451E-13
60522058 60522057

0.4 0.921138877671 | 0.921138877671 | 2.0000E-20 1.4991E-12 8.1063E-11
34681290 34681288

05 0.877702418275 | 0.877702418275 | 2.0000E-20 1.8395E-12 2.5377E-10
02376687 02376685

0.6 0.825505007651 | 0.825505007651 | 2.0000E-20 1.6559E-11 5.4848E-10
69680785 69680783

0.7 0.765067663475 | 0.765067663475 | 2.0000E-20 1.2970E-11 9.9571E-10
02161813 02161811

0.8 0.696993651783 | 0.696993651783 | 1.0000E-20 8.4312E-11 1.6260E-10
52523002 52523001

0.9 0.621962465379 | 0.621962465379 | 0.0000E00 5.3240E-11 2.4697E-10
99682400 99682400

1.0 0.540723041360 | 0.540723041360 | 0.0000E00 3.2126E-11 3.5575E-10
54366565 54366565
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Figure 3. Textual Curve of Figure 1
+75. Discussion and Results

The mathematical formulation of the computational method begins by approximating the solution of a second-order
initial value problem using a power series polynomial as a basis function. The polynomial contains unknown real
parameters which researchers define by selecting specific interpolation and collocation points. The process begins
with the polynomial's second derivative because it creates a set of linear equations which engineers represent in
matrix format. The solution process involves using Gaussian elimination to evaluate unknown parameters which
researchers insert into the original problem to create a continuous hybrid linear multistep method. The method
assessment at both interpolating and non-interpolating points results in a discrete representation which combines

with continuous forms to create a block hybrid method that enables efficient numerical calculations.

The study investigates the basic numerical characteristics of the computational method through its mathematical
assessment. The method's order and error constant are determined through applying a linear operator which requires
Taylor series expansion to achieve minimized truncation errors. The method's consistency verification depends on
two conditions which involve its method order and the behavior of its characteristic polynomials. The analysis of
the first characteristic polynomial roots shows that the method achieves zero-stability because all roots meet the
required conditions. The linear multistep methods theorem guarantees that numerical solutions for second-order

initial value problems will converge because the method achieves both consistency and zero-stability.

The boundary locus method establishes the absolute stability region of the block method without requiring any
complex root computations or inequality resolution procedures. The stability polynomial derived through this
process defines the absolute stable region of the method in the complex plane. The stability region shown in Figure
1 demonstrates that the method maintains its effectiveness across different step sizes and problem parameters. The
block hybrid method which was developed demonstrates reliability and computational effectiveness as a numerical
solution tool for second-order differential equations because it combines high-order performance with consistency

and zero-stability properties and a clearly established stability region.

The results presented in Table 4.1 for Example 1 demonstrate that the computational method AECM successfully
solves the Second Order Oscillatory Betiss Differential Equation. The table presents a comparison between the

exact solution (ES) and the computed solution (CS) which was derived through AECM and two other methods from

ISSN: 2582-5267 [10] OPEN 8 ACCESS



Asian Journal of Basic Science & Research
Volume 8, Issue 2, Pages 01-14, April-June 2026

reference [5, 20]. The computed solutions match the exact solutions at all independent variable values which

demonstrates that the computational method successfully models system behavior.

The graphical representation found in Figure 2 serves as visual proof of the numerical findings. The exact solution
and the computed solution through AECM show almost complete overlap which demonstrates their results match
with high precision. The visual alignment demonstrates the proposed method's reliability because it successfully

models oscillatory behavior and produces stable outcomes during real-world testing.

The results of Table 2 demonstrate that the AECM method for the Second Order Oscillatory Stiefel Differential
Equation produces solutions which closely match the exact solution. The computed solution almost matches the
exact solution according to the textual curve in Figure 2 which shows this agreement. The combination of tables and
figures proves that the proposed computational method demonstrates strong performance through its accurate
results which enable it to handle multiple second-order oscillatory differential equations.

6. Summary and Conclusion

The researchers developed an effective computational solution method which directly solves second-order
oscillatory differential equations through their study of the Betiss and Stiefel mathematical forms. The approach
uses power series polynomial functions as its basis to create a continuous linear multistep hybrid system through
interpolation and collocation methods. The method underwent complete analysis to determine its numerical
characteristics which included order analysis, error constant assessment, consistency evaluation, zero-stability
measurement, convergence testing, and absolute stability region determination. The numerical experiments proved
that the proposed method achieves results which strongly match exact solutions while performing better than some
current numerical methods. The method demonstrated accurate performance with efficient operation and stable

results which researchers confirmed through both tabular and graphical comparisons across multiple test problems.

The computational method presented in this study is a reliable and efficient tool for solving second-order oscillatory
differential equations. Its high-order accuracy, consistency, and zero-stability, combined with a clearly defined
region of absolute stability, make it suitable for practical use in all three fields of mathematics, physics, and
engineering. The method demonstrates effective performance because numerical results match the exact solutions
with excellent accuracy. The computational method establishes a solid theoretical and practical foundation which

enables accurate and efficient simulation of systems that follow complex oscillatory differential equations.
#27. Suggestions for Future Studies
Future Research can use:

1. Future work can extend the developed method to solve higher-order oscillatory differential equations (such as
third- and fourth-order problems), thereby broadening its applicability in advanced mathematical and

engineering models.

2. The method can be further developed to handle nonlinear and stiff oscillatory differential equations, which are

common in real-life applications but more challenging to solve numerically.
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3. Introducing an adaptive or variable step-size strategy into the block hybrid method would improve accuracy

and computational efficiency, especially for problems with varying solution behavior.

Future research can focus on implementing the method in computational software such as MATLAB, Python,

or Mathematica to enable large-scale simulations and practical usability.

5. A detailed comparison with other advanced numerical techniques, such as Runge-Kutta methods, spectral
methods, and machine learning-based approaches, can be conducted to evaluate performance, efficiency, and

accuracy.
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