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░ 1. Introduction 

The field of mathematical modeling has developed into a essential instrument that scientists use today to explore 

biological and physical and medical processes especially in their research on dynamic systems and body cooling 

and simple harmonic motion. The mathematical models which scientists developed have led to progress in 

mathematical theory and bioscience research according to author [1, 2]. The application of mathematics in these 

fields has fostered innovative approaches and opened new opportunities for interdisciplinary collaboration. The 

mathematical methods deliver their best results during dynamic problem solving and thermal process research 

because they produce better understanding and accurate future outcomes [3]. The study aims to solve initial value 

problems (IVPs) for second-order ordinary differential equations (ODEs) using the following equation format: 

     nttt
dt

dy
yyytf

dt

yd
,,,0,,',, 0212

2

        (1) 

where 0t  represents initial value/point, 0y  denotes the solution at time 0t , f  remains continuous over the 

integration interval. We operate under the assumption that equation (1) adheres to the existence and uniqueness 

theorem of differential equations. Furthermore, we presume that solutions to equations akin to (1) remain bounded. 

It's crucial to clarify that a solution 
)(ty

 to equation (1.1) is deemed bounded if, 




)(sup ty
t             (2) 

The numerical treatment of equations like (1) has remained a strong research focus [4-7]. 
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The research demonstrated that direct solution methods for equation (1) provide better efficiency than solving it 

through conversion to first-order ordinary differential equation systems according to the findings presented in 

reference [8]. The academic community has responded to this discovery by investigating direct resolution 

techniques which enable them to solve equation (1) without applying reduction methods. The literature contains 

multiple methods which researchers have developed to solve equation (1) through direct approaches. The works of 

Ref. [9-12] represent important contributions to the research. The research of [13-15] represents another major 

investigation of oscillating differential equations. Researchers such as [16-18] have worked on solving second order 

initial value problems through methods which avoid first order initial value problem reductions. The studies 

demonstrate an increasing demand for direct methods which can solve second-order ordinary differential equations 

with efficient results especially for the Betiss and Stiefel Linear Oscillatory Differential Equation represented by 

equation (1). 

1.1. Study Objectives 

The following are objectives of the study: 

1) To derive a computational method using power series polynomial. 

2) To continuous hybrid linear multistep method. 

3) To study the analysis of the basic properties of the computational method. 

4) To test the efficiency of the method on some second order oscillatory differential equations. 

5) To shows the comparison in a table and graphical shown. 

░ 2. Mathematical Formulation of Computational Method  

An approximate solution to a power series polynomial of the for  

  j
qp

j

j tty 





1

0

            (3) 

is considered as a basis function for the direct solution of the second initial value problems of the form (1). Where

 bat , , the sa'  are real unknown parameters to be determined and qp   is the sum of the number of 

interpolation and collocation points. 

differentiating (3) twice, yield 

    2
1

0

1'' 




  j

j

vu

j

tajjty           (4) 

Now, interpolating (3) at point 1,
2

1
p  and collocating (4) at 1,

4

3
,

3

2
,

2

1
,

3

1
,

4

1
,

6

1
,0q  which lead to a system of 

equation in a matrix form as 
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  (5) 

using Gaussian elimination method, (5) is solved for the sa j ' . The values of the sa j '  obtained are then substituted 

into (1), after some manipulations, this gives a continuous hybrid linear multistep method of the form; 
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evaluating (6) at non interpolating points to obtain the continuous form as, 
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differentiating (6) once, yields 
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on evaluating (9) at all point, so that the following discrete methods are obtained 
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now, combining (8) and (11) in the block form to yield the block hybrid method, which can be written as   
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░ 3. Results Analysis of Computational Method  

In this section, the analysis of the basic properties of the new method are analyzed. These properties are order, error 

constant, consistency, zero-stability and region of absolute stability. 

3.1. Order and Error Constant of the computational method 

Let the linear operator defined on the method be   hty ; , where, 
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Expanding  mm YFandY  in Taylor series and comparing the coefficients of h  gives 
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Definition 1: The linear operator L  and the associate block method are said to be of order p  if 

22110 .0,0   pppp CCCCCC   is called the error constant and implies that the truncation error is 

given by   332
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Comparing the coefficient of h , according to [7], the new method is of uniform order  Tp 7777777  

with its error constant are given respectively by 

 09101010101010

2 104353.1103561.1104526.1101961.1103497.1103281.1103640.1 

 pC  

3.2. Consistency of the Method 

A numerical method is said to be consistent if the following conditions are satisfied. 

i. The order of the method must be greater than or equal to zero to one i.e. 1p . 

ii. 

0
0




k

j

j

 

iii.     0'  rr   

iv.    rr  !3'''   

Where    randr   are first and second characteristics polynomials of our method. According to [7], the 

first condition is a sufficient condition for the associated block method to be consistent. Hence the new method is 

consistent. 

3.3. Zero Stability of the Method 

Definition 2: the numerical method is said to be zero-stable, if the roots kszs ,,2,1,   of the first characteristics 

polynomial  z  defined by     EzAz  0det  satisfies 1sz  and every root satisfies 1sz  have multiplicity 

not exceeding the order of the differential equation [19]. The first characteristic polynomial is given by, 
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Thus, solving for z in 

 16 zz             (16) 

gives 1,0,0,0,0,0,0z . Hence the new method is said to be zero-stable. 

3.4. Convergence of the Block Method 

Theorem 1: the necessary and sufficient conditions for linear multistep method to be convergent are that it must be 

consistent and zero-stable. Hence the new method formulated is consistent [7].  

3.5. Region of Absolute Stability of our Method 

Definition 3: the region of absolute stability is the region of the complex z  plane, where hz   for which the 

method is absolute stable. To determine the region of absolute stability of the block method, the methods that 

compare neither the computation of roots of a polynomial nor solving of simultaneous inequalities was adopted. 

Thus, the method according to [19] is called the boundary locus method. Applying this method we obtain the 

stability polynomial as 
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Using the stability polynomial (17), we obtain the region of absolute stability in figure below as 

 

Figure 1. Stability Region. 

The stability region obtained in Figure 1 is stableA  . 
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░ 4. Numerical Applications of the Computational Method 

The section tests the computational method through its application to second order oscillatory differential equations 

which take the form of (1). The results of the comparison between the new computational method and the existing 

method from [6, 20] are displayed through tabulated data and graphical representations. The following notation 

shall be used in the tables and figures. 

t  means the points of evaluation 

ES means Exact Solution 

CS means Computed solution 

AECM means Absolute Error in Computational method 

AE[5] means Absolute Error in [5] 

AE[20] means Absolute Error in [20] 

Example 1: Consider the Second Order Oscillatory Betiss Differential Equation of the form 

    0,10,cos001.0
2

2


dt

dy
yt

dt

dy

dt

yd
       (18) 

With exact solution as 

     tttty sin0005.0cos           (19) 

Source [5, 20]. 

Table 1. Showing the Numerical Results 

t  ES CS AECM AE[5] AE[20] 

0.1 0.099783666438

56425102 

0.099783666438

56425102 

0.0000E00 1.2567E-12 1.0170E-12 

0.2 0.198571324137

27709130 

0.198571324137

27709132 

2.0000E-20 2.1140E-12 1.4285E-11 

0.3 0.295376906187

97073421 

0.295376906187

97073422 

1.0000E-20 2.3764E-12 4.9557E-11 

0.4 0.389234130109

84991465 

0.389234130109

84991467 

2.0000E-20 3.4242E-12 1.0161E-10 

0.5 0.479206142963

73040709 

0.479206142963

73040711 

2.0000E-20 3.3944E-12 1.7416E-10 

0.6 0.564394872710

56245371 

0.564394872710

56245372 

1.0000E-20 3.3436E-12 2.6425E-10 

0.7 0.643949992472

14148272 

0.643949992472

14148273 

1.0000E-20 4.2949E-12 3.7579E-10 

0.8 0.717077408215

78389546 

0.717077408215

78389546 

0.0000E00 4.2574E-12 5.0602E-10 

0.9 0.783047185141

76158945 

0.783047185141

76158945 

0.0000E00 5.2344E-12 6.5904E-10 

1.0 0.841200833654

96243679 

0.841200833654

96243678 

1.0000E-20 6.2265E-12 8.3225E-10 
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Figure 2. Textual Curve of table 1 

Example 2: Consider the Second Order Oscillatory Stiefel Differential Equation 

    9995.0,00,sin001.0
2

2


dt

dy
yt

dt

dy

dt

yd
      (20) 

With exact solution of as 

     tttty cos0005.0sin           (21) 

Source [5, 20]. 

Table 2. Showing the Numerical Results for Example 2 

 ES CS AECM AE[5] AE[20] 

0.1 0.995009156948

85810751 

0.995009156948

85810750 

1.0000E-20 2.8269E-12 1.0169E-11 

0.2 0.980086444774

32113724 

0.980086444774

32113723 

1.0000E-20 5.8994E-12 2.0390E-11 

0.3 0.955380817156

60522058 

0.955380817156

60522057 

1.0000E-20 6.8309E-12 1.5451E-13 

0.4 0.921138877671

34681290 

0.921138877671

34681288 

2.0000E-20 1.4991E-12 8.1063E-11 

0.5 0.877702418275

02376687 

0.877702418275

02376685 

2.0000E-20 1.8395E-12 2.5377E-10 

0.6 0.825505007651

69680785 

0.825505007651

69680783 

2.0000E-20 1.6559E-11 5.4848E-10 

0.7 0.765067663475

02161813 

0.765067663475

02161811 

2.0000E-20 1.2970E-11 9.9571E-10 

0.8 0.696993651783

52523002 

0.696993651783

52523001 

1.0000E-20 8.4312E-11 1.6260E-10 

0.9 0.621962465379

99682400 

0.621962465379

99682400 

0.0000E00 5.3240E-11 2.4697E-10 

1.0 0.540723041360

54366565 

0.540723041360

54366565 

0.0000E00 3.2126E-11 3.5575E-10 
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Figure 3. Textual Curve of Figure 1 

░ 5. Discussion and Results 

The mathematical formulation of the computational method begins by approximating the solution of a second-order 

initial value problem using a power series polynomial as a basis function. The polynomial contains unknown real 

parameters which researchers define by selecting specific interpolation and collocation points. The process begins 

with the polynomial's second derivative because it creates a set of linear equations which engineers represent in 

matrix format. The solution process involves using Gaussian elimination to evaluate unknown parameters which 

researchers insert into the original problem to create a continuous hybrid linear multistep method. The method 

assessment at both interpolating and non-interpolating points results in a discrete representation which combines 

with continuous forms to create a block hybrid method that enables efficient numerical calculations. 

The study investigates the basic numerical characteristics of the computational method through its mathematical 

assessment. The method's order and error constant are determined through applying a linear operator which requires 

Taylor series expansion to achieve minimized truncation errors. The method's consistency verification depends on 

two conditions which involve its method order and the behavior of its characteristic polynomials. The analysis of 

the first characteristic polynomial roots shows that the method achieves zero-stability because all roots meet the 

required conditions. The linear multistep methods theorem guarantees that numerical solutions for second-order 

initial value problems will converge because the method achieves both consistency and zero-stability. 

The boundary locus method establishes the absolute stability region of the block method without requiring any 

complex root computations or inequality resolution procedures. The stability polynomial derived through this 

process defines the absolute stable region of the method in the complex plane. The stability region shown in Figure 

1 demonstrates that the method maintains its effectiveness across different step sizes and problem parameters. The 

block hybrid method which was developed demonstrates reliability and computational effectiveness as a numerical 

solution tool for second-order differential equations because it combines high-order performance with consistency 

and zero-stability properties and a clearly established stability region. 

The results presented in Table 4.1 for Example 1 demonstrate that the computational method AECM successfully 

solves the Second Order Oscillatory Betiss Differential Equation. The table presents a comparison between the 

exact solution (ES) and the computed solution (CS) which was derived through AECM and two other methods from 
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reference [5, 20]. The computed solutions match the exact solutions at all independent variable values which 

demonstrates that the computational method successfully models system behavior. 

The graphical representation found in Figure 2 serves as visual proof of the numerical findings. The exact solution 

and the computed solution through AECM show almost complete overlap which demonstrates their results match 

with high precision. The visual alignment demonstrates the proposed method's reliability because it successfully 

models oscillatory behavior and produces stable outcomes during real-world testing. 

The results of Table 2 demonstrate that the AECM method for the Second Order Oscillatory Stiefel Differential 

Equation produces solutions which closely match the exact solution. The computed solution almost matches the 

exact solution according to the textual curve in Figure 2 which shows this agreement. The combination of tables and 

figures proves that the proposed computational method demonstrates strong performance through its accurate 

results which enable it to handle multiple second-order oscillatory differential equations. 

░ 6. Summary and Conclusion 

The researchers developed an effective computational solution method which directly solves second-order 

oscillatory differential equations through their study of the Betiss and Stiefel mathematical forms. The approach 

uses power series polynomial functions as its basis to create a continuous linear multistep hybrid system through 

interpolation and collocation methods. The method underwent complete analysis to determine its numerical 

characteristics which included order analysis, error constant assessment, consistency evaluation, zero-stability 

measurement, convergence testing, and absolute stability region determination. The numerical experiments proved 

that the proposed method achieves results which strongly match exact solutions while performing better than some 

current numerical methods. The method demonstrated accurate performance with efficient operation and stable 

results which researchers confirmed through both tabular and graphical comparisons across multiple test problems. 

The computational method presented in this study is a reliable and efficient tool for solving second-order oscillatory 

differential equations. Its high-order accuracy, consistency, and zero-stability, combined with a clearly defined 

region of absolute stability, make it suitable for practical use in all three fields of mathematics, physics, and 

engineering. The method demonstrates effective performance because numerical results match the exact solutions 

with excellent accuracy. The computational method establishes a solid theoretical and practical foundation which 

enables accurate and efficient simulation of systems that follow complex oscillatory differential equations. 

░ 7. Suggestions for Future Studies  

Future Research can use: 

1. Future work can extend the developed method to solve higher-order oscillatory differential equations (such as 

third- and fourth-order problems), thereby broadening its applicability in advanced mathematical and 

engineering models.  

2. The method can be further developed to handle nonlinear and stiff oscillatory differential equations, which are 

common in real-life applications but more challenging to solve numerically. 
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3. Introducing an adaptive or variable step-size strategy into the block hybrid method would improve accuracy 

and computational efficiency, especially for problems with varying solution behavior. 

4. Future research can focus on implementing the method in computational software such as MATLAB, Python, 

or Mathematica to enable large-scale simulations and practical usability. 

5. A detailed comparison with other advanced numerical techniques, such as Runge-Kutta methods, spectral 

methods, and machine learning-based approaches, can be conducted to evaluate performance, efficiency, and 

accuracy.  
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